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Describing Function Analysis in the Presence of Uncertainty
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A framework is proposed that generalizes describing function (DF) analysis to uncertain systems. By � tting a
rational approximation to the DF of nonlinear elements, DF analysis is incorporated into a generalized ¹ frame-
work of robustness analysis. This allows us to consider uncertainty in both the linear and nonlinear components.
Information on the size, frequency, and stability of unforced limit cycles is obtained as in the graphical test. The
response to sinusoidal driving inputs can also be analyzed in this framework.

I. Introduction

C OMPUTATIONALLY ef� cient methods of analysis for non-
linear systems are scarce. In general we are restricted to ex-

tensive simulation of the nonlinear model and to linear analysis of
differentlinearizations.Althoughapproximatein nature,linearanal-
ysis generally gives good insight into the behavior of the original
nonlinear system.

One such approach is harmonic linearization, or sinusoidal in-
put describing function (DF) analysis. This approach is useful in
studying the behavior of feedback systems with nonlinear compo-
nents. In these systems it can predict limit cycle oscillatorybehavior
reasonablyaccurately.See, for example,Refs. 1 and 2 for recent ap-
plications of these methods. DF analysis is based on � nding the
roots of a nonlinear function of amplitude and frequency. In many
cases, e.g., systems with only one nonlinearcomponent, this can be
done graphically in an elegant way; however, graphical describing
functionanalysis techniquedoes not generalizeelegantlyto systems
with uncertainty.

In this paper we will show that by � tting a rational approxima-
tion to the DF, limit cycles can be detected in an uncertain system
using a recent generalization of the structured singular value ¹.
Use of the structured singular value paradigm allows for the inclu-
sion of a rich class of uncertainty in the linear component of the
system.

As in linear systems robustnessanalysis, upper and lower bounds
are computed for the generalized structured singular value. From
these bounds we derive information on the frequency and size of
the limit cycles.Using the same quasistationaryapproximationas in
the graphical test, further standard ¹ tests can be used to deter-
mine the stability of the limit cycle. The tool presented here thus
completely generalizes the graphical DF analysis test to the case
when the linear component has structured uncertainty.

Because the generalizedstructured singular value plays a central
role in other important control problems,3¡5 considerable effort is
being devoted to the developmentof ef� cient numerical algorithms
to compute it. Recasting the DF analysis problem into this setup
will allow us to bene� t from that effort.

The paper is organized as follows. In the next section, we will
brie� y review the generalization of the structured singular value
¹ theory and show how to represent a rational nonlinear function
of a signal u as a constrained uncertain linear system. In Sec. III,
after reviewing the standard DF analysis technique, we will show
how to extend it to the case where the linear component is un-
certain. In Sec. IV, we will develop and analyze an example to
show the validity of the tool. Finally, we will present conclusions in
Sec. V.
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II. Preliminaries
The reader is assumed to be familiar with the structured singular

value or ¹ analysis setup. For a good tutorial on ¹, see Ref. 6.

A. Generalized Structured Singular Value gen¹

The structured singular value of a matrix A and a block structure
D measures the minimum size of an element of D that makes the
matrix I ¡ M1 singular. If we denote this value by ¹, the system
of equations

v D Mx x D 1v (1)

admits only the zero solution for all 1 2 D with k1k < ¹.
We can de� ne a more general value by restricting the directions

in which we care about I ¡ M1 being singular.Consider the system
of equations

v D Mx x D 1v 0 D Cx (2)

To determine whether this system admits more than one solution,
we make the following de� nition.

De� nition 1 (Refs. 4 and 5): The generalized structured singular
value (gen¹) of the pair .A; B/ and block structure D is de� ned as
follows.

If, for all 1 2 D ,

ker
I ¡ 1M

C
D f0g

then

gen¹ ;C :D 0

otherwise

gen¹ ;C :D
³³

min N¾ .1/ : 1 2 D ; ker
I ¡ 1M

C
6D f0g

´́¡1

Then it will hold that the system of equations (2) admits only the
zero solution for all 1 2 D with k1k < gen¹.

A lower bound on gen¹ can be computed using standard con-
strained optimization methods. To compute an upper bound, we
will use the following theorem.

Theorem 1 (Ref. 4), gen¹.M; C/ · minQ 2 Cn £ m ¹.M C QC/: In
additionto the fact thatwe cansolveexactlyfor the Q thatminimizes
the standard¹ upper bound of ¹.M C QC /, Theorem 1 allows us to
compute an upper bound on gen¹ as the solutionof an af� ne matrix
inequality. See Refs. 4 and 7 for more details.

B. Rational Functions as Linear Fractional Transformations
with Constraints

Any rational expression of ± bounded at the origin can be ex-
pressed as a linear fractional transformation (LFT) between a con-
stant matrix M containing the coef� cients of the rational function
and a diagonal matrix ± I whose size depends on the order of the
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expression.In the standard¹ setup, these rational functionsare used
as multiplicative transfer functions. In this case, ± represents either
an uncertain parameter or the frequencyvariable.When the input is
u, the output of the system is given as the solution of the system of
equations

³

y
D M

»

u
» D ± In³ (3)

or using the Redheaffer star product notation,

y D .M ? ± I /u

Now consider the rational function of u, y D R.u/. The follow-
ing lemma shows how this function can also be represented as a
multiplicative LFT by introducing an additional parameter ± and a
constraint.

Lemma 1: Consider a rational function y D R.u/ and its corre-
spondingLFT representationM ? ± In D R.±/.Then y is the solution
to the following system of equations:

&$³1

³

y

’%
D N

&

66$
»1

»

u

1

’

77% (4)

»1

»
D ± In C 1

³1

³
(5)

0 D C

&

66$
»1

»

u

1

’

77% (6)

where

M D
M11 M12

M21 M22
N D

&$ 0 01 £ n 0 1

0n £ 1 M11 M12 0

0 M21 M22 0

’%

C D [1 01 £ n 0 ¡1]

and M11 2 Rn £ n .
Proof: From the de� nition of N , it follows that ³1 D 1, and thus

from Eq. (5),

»1 D ±

Eq. (6) can then be rewritten as

± ¡ u D 0 (7)

Finally, from the de� nition of M we have

y D R.±/ (8)

Lemma 1 follows from Eqs. (7) and (8).
Remarks: Equations (4–6) can be represented graphically as in

Fig. 1. The multiplicativenature of this representation is evident in
this diagram.

Fig. 1 Rational function as a multiplicative LFT.

Because the compositionof LFTs is another LFT, we can substi-
tute ± in all of the preceding equationsby any rational expressionof
another variable ±0. A particular application of this transformation
is to replace Eq. (7) with an equation of the form

umax C umin

2
C

umax ¡ umin

2
± ¡ u D 0

In this case, j±j · 1 if and only if umin · u · umax.

III. Describing Function Analysis
as a Generalized ¹ Test

DF analysis allows us to study the behavior of the system in
the frequency domain when certain assumptions hold. Because the
system is nonlinear, this analysis is necessarily an approximation;
however, in practice it has proven useful in predicting limit cycle
behavior of nonlinear feedback systems. In this section, we will
� rst brie� y review the DF analysis methods and the assumptions
necessary for its validity. Next, we will show how to recast this
analysis method into the ¹ analysis framework. This will allow us
to include uncertainty in the linear component in a systematic way.

A. Sinusoidal Input Describing Function Analysis
Consider the feedback interconnection of Fig. 2. We would like

to know if this interconnectionadmits periodic solutions. First, we
make a de� nition and a series of assumptions.

De� nition2—DF: The DF is the complex,fundamental-harmonic
gain of a nonlinearity in the presence of a driving sinusoid.

Assumptions 1—Sinusoidal DF Analysis (Ref. 8): Consider the
feedback interconnectionof Fig. 2. We will assume that the follow-
ing hold.

1) If the input to the nonlinear element is sinusoidal, the output
of the nonlinear element is periodic and of the same fundamental
frequency as the input.

2) Only the fundamental of the output wave need be considered
in a frequency response analysis.

3) The nonlinear element is time invariant.
4) Onlyonenonlinearelement is consideredto exist in the system.
If these assumptions hold, we can replace the nonlinear compo-

nent with its DF and perform the analysis in the frequency domain.
Because the DF is amplitude dependent, this analysis includes an
amplitude as well as a frequency search. Several graphical methods
can be used to perform this search8; however, these methods are not
easily generalized to the case where the DF is frequencydependent
or where there is uncertainty in the linear components.

The answers provided by DF analysis are limited. It simply tries
to establishwhether solutionsof a particular form exist. It is entirely
possible for this analysis to predict no limit cycles, but such limit
cyclesexist, althoughthey are not sinusoidal.Also, severalsolutions
might be found, not all of which are stable, and the small signal
model around those solutions may or may not be stable. This by
no means makes the approach useless; however, the burden on the
designer to interpret and to evaluate the answers obtained remains.

Despite these limitations, DF analysis has proven useful, espe-
cially because it gives good insight into the effect the variation of
different parameters may have on the behavior of the system. For a
more completediscussionon theusesand limitationsofDF analysis,
see Ref. 9.

B. DF Analysis in the Presence of Uncertainty
Using the elements described in Sec. II, we will now build a

methodology for doing DF analysis when there is uncertainty in
the linear component. To systematize the analysis of this kind of
system, we will � rst state a more speci� c performancerequirement.

Question 1—Worst Case Limit Cycles: Given an uncertain linear
system of the form

G. j!/ D P. j!/ ? 1

Fig. 2 Interconnection for performance analysis.
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where 1 is a complex block diagonal matrix describing the un-
certainty as done in the standard ¹ analysis setup,6 connected in
a feedback loop with a nonlinear component as shown in Fig. 2,
we would like to answer the following question: If Assumptions 1
hold, and if the signal yl remains bounded in the sense jyl j < 1, will
y remain bounded in the sense jyoj < 1 where yo is the � rst har-
monic component of y for all 1 with the given structure verifying
N¾ .1/ · 1, and for all !?

Remarks: The bounds on the input and outputs do not have to be
the same. For simplicity,we will choose them to be equal to one for
the development that follows but they can be chosen arbitrarily.

The performance Question 1 asks whether or not limit cycles
larger than a given size will be established. Requiring that yl re-
main bounded is a technical necessity for the development of the
methodology.A coarse bound on the size of yl can be obtained from
classical analysisof the nominal system and, in general, from an un-
derstandingof the physical nature of the signals involved. Also, for
all common nonlinearities, outside a certain range of the input the
DF is a constant (making the overall system linear in that range).
We can use this range to bound yl for the DF analysis and study the
behavior of the system with constant feedback outside this range
(see the example in Sec. IV).

The system considered does not have to be single input/single
output; the nonlinear component, however, has to have one single
input.

We will now show how to answer Question 1 by computing a
generalized structured singular value. We can only do this in cases
where the DF of the nonlinearitycan be approximatedby a rational
function of the amplitude and frequency of the input signal.

First, note that the signal yl can be assumed to be real and positive
without loss of generality by appropriately choosing the origin of
time. If Assumptions 1 hold, we can replace the nonlinear system
by its sinusoidal input DF and the describingfunctionby its rational
approximation.

We can now proceed to replace the rational function block by its
corresponding LFT representation, as described in Sec. II.B. The
feedback loop is now as in Fig. 3.

A feedback loop made of LFT blocks can be rewritten as one
single LFT between a larger matrix and an uncertainty structure
built by combining the individual uncertainty components in block
diagonal form. The transfer function in Fig. 3 can then also be
represented as in Fig. 4.

Fig. 3 Feedback loop as interconnection of LFTs.

Fig. 4 LFT interconnection.

Fig. 5 Performance analysis interconnection.

Finally,we must add to theuncertaintystructuretheblocksneeded
to impose the desired performance condition. For this purpose,
we augment the uncertainty structure with one additional block
±p connected as shown in Fig. 5. This � gure represents the set of
equations

yl D .P ? 1/.¡y/ y D .N ? ± I /
yl

º
(9)

º D ±p y 0 D yl ¡ 0:5±º ¡ 0:5º

together with the constraints

N¾ .1/ · 11 2 D j±j · 1± 2 R j±pj · 1±p 2 C (10)

We will � rst prove a technical lemma needed for the main result
in this paper.

Lemma 2: Assume the uncertain linear system G is well posed
for all frequenciesand for all 1 and ± verifying the constraints(10).
Then if there is a nonzero solution to the system of equations (9)
and constraints (10), there is a solution with º D 1.

Proof: The constraint

0 D yl ¡ 0:5±º ¡ 0:5º

implies that yl D 0. As the LFT describing the rational function
is assumed to be well posed for all values of ±, we will then have
y D 0. Finally, the input to the linear component is u ¡ y D 0, and
because this component is assumed to be well posed for all 1 and
±, then all signals in the diagram are zero. A nontrivial solution then
has º 6D 0. Fix the values of 1, ±p , and ±. Then equations (9) and
constraints (10) are linear in º. If there is a solution with º 6D 0,
there is a solution with º D 1.

We are now ready to state the main result of this paper.
Theorem 2: Assume the uncertain linear system G is well posed

for all frequenciesand for all 1 and ± verifying the constraints(10).
Then the following statement—1) the answer to Question 1 is yes;
2) the system of equations (9) and constraints (10) represented by
Fig. 5 admits only the zero solution;and 3) gen¹1e .Me; Ce/ < 1—
are equivalent.

Proof: The equivalenceof statements 2 and 3 follows from De� -
nition 1.

1 ) 2 We will prove the counterpositivenot2 ) not1. Assume
there is a nonzerosolutionto equations(9) andconstraints(10). Then
according to Lemma 2 there is a solution with º D 1. In this case,
Figs. 3 and 4 representthe same equations.Furthermore j±p jjyj D 1,
which implies jyj · 1, and thus the answer to Question 1 is no.

2 ) 1 We will prove the counterpositive not1) not2. Assume
the answer to Question 1 is no. Then there exists yl; y with jyj > 1
and yl · 1 and real that verify the equations in diagram 2. Setting
±p D 1=y and º D 1, then equations(9) will admit a nonzero solution
verifying constraints (10).

Remarks: More complex interconnectionsthan the one in Fig. 2
can be used.The signalv can have dimensionalitylarger than 1, and
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a dynamical componentcan be placed following the nonlinearityor
in the feedback loop. The only restriction is that all linear systems
are well posed at all frequencies.

As with standard DF analysis, this test will only detect the estab-
lishment of sinusoidal oscillations. Further analysis is required to
determine if those oscillations are stable or if some other form of
instability is possible.

IV. Example
To evaluate the behavior of the aforementionedbounds, we con-

sider the following example. The linear component of the loop is
given by the transfer function

G.s/ D
0:6a!2

0

.s C a/ s2 C 2±!0s C !2
0

where

a D 10 !0 D 2 ± D 0:1

We will assumea multiplicativemodelfor the uncertainty.We will
study two levels of uncertainty,1 and 10% (correspondingto Wd D
0:1 and 0.01 in Fig. 6). The nonlinear element will be a backlash
of deadband width one and slope one. The linear and nonlinear
componentsare interconnectedin the feedbackloop shown in Fig. 6.
We will denote by N the DF of this nonlinearity. As a function of
the quotient x of the input amplitude and the deadband width, the
DF corresponding to a backlash nonlinearity is

N .x/ D .1=¼/...¼=2/ C sin¡1[.x ¡ 1/=x] C [.x ¡ 1/=x]

£ cosfsin¡1[.x ¡ 1/=x]g C .i=¼x/[.1=x/ ¡ 2]

for x larger than 0.5 and 0 otherwise. We will use the following
rational approximation in the nonzero interval:

Nr.x/ D .1=¼/[.¼=2/ ¡ 2y C .y3=3/] C .i=¼/.y2 ¡ 1/

where

y D .1=x/ ¡ 1

We can verify that

lim
x ! 1

jN .x/j D 1

Fig. 6 Loop interconnection.

Fig. 7 Magnitude of backlash DF.

Fig. 8 Approximation error for backlash DF.

Fig. 9 Nyquist diagram, detail of intersections.

(see Fig. 7) and that

jN .x/j > 0:98 for x ¸ 12:5

jN .x/j < 0:12 for 0:57 ¸ x

We will work in the interval 0:57 · x · 12:5. Figure 8 shows
the approximation error in the DF for this range. For x > 12:5,
the DF is � at and thus very susceptible to error in determination of
the limit cycle size. The existenceof instabilitiescan be detectedby
studying the robust stabilityof the closed-loopsystem with constant
feedback 1. For values of x in the range 0:5 · x · 0:57, robust sta-
bility can also be determined closing the loop with a norm bounded
perturbation in place of the nonlinear element. If this system is
unstable, further analysis could be done with a different rational
approximation of the DF accurate around x D 0:5.

To compare the proposed approach with the current DF analysis,
in Fig. 9 we show the Nyquist plot of G.s/ superimposed with
¡1=N . There are two intersections of the two curves. The top one
corresponds to a stable limit cycle, the bottom one to an unstable
limit cycle. The performance measure will be the magnitude of the
signal p. We compute upper and lower bounds on the magnitude of
p for a set of frequency intervals.

The lower bound is computed as an optimization problem,
namely, � nding the frequency and perturbation in the given inter-
vals that maximize the performance norm. The frequency domain
upper bound is computed at the frequency determined by the lower
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Fig. 10 Performance measure, 1% uncertainty.

Fig. 11 Performance measure, 10% uncertainty.

Fig. 12 Nonlinear simulation,no uncertainty.The observed limit cycle
frequency is 2.4 rad/s.

Table 1 Comparison of predicted and simulated limit cycles

Predicted Predicted by DF Perturbed
Nominal by DF with uncertainty model

Frequency, rad/s 2.4 2.4 2.4 2.4
Amplitude 2.1 2:3 6:0 · x · 6:1 7.2

Fig. 13 Nonlinear simulation, 10% perturbation. The observed limit
cycle frequency is 2.38 rad/s.

bound algorithm.The state-spaceupper bound is computedover the
whole interval. The results obtained for the two uncertainty levels
are summarized in Figs. 10 and 11. For simplicity, all bounds are
plotted at the frequency where the lower bound is achieved.

Finally, to validate the results, we ran simulations of the system
consideredwith no uncertaintyand with the perturbationselectedby
the lower boundalgorithmat the 10% level.The resultsobtainedare
shown in Figs. 12 and 13. During the � rst 100 s, the system is exter-
nally perturbed to start the limit cycles. The worst-caseperturbation
was complex, and so it was implemented with a low-pass � lter hav-
ing the desired value at the frequency of the predicted oscillations.
The time domain simulations match the predicted oscillations ac-
curately, as summarized in Table 1.

V. Conclusions
In cases where a good rational approximation of the DF can be

obtained, and when a bounded interval of interest can be identi� ed
in the input to the nonlinear element, we showed that performance
analysis on the harmonic linearization of the system can be done
with a generalized ¹ test. In this case, the linear component of the
feedback system can be uncertain. We can use the rich description
of uncertainty allowed by the ¹ setup: unmodeled dynamics and
real and complex uncertain parameters. It is also possible to con-
sider multiple-input/multiple-outputsystems in this setup;however,
the nonlinearity is restricted to be unique and single input/single
output. The test presented provides similar information on the size,
frequency,and stabilityof the limit cyclesas does theclassicgraphic
DF analysis test.

The applicabilityof the test was demonstrated through a numeri-
cal example. This example, together with others carried out but not
reported here due to space limitations, show good correlation be-
tween the predicted and observed limit cycles. They also show that
moderate amounts of uncertainty can produce signi� cant changes
in limit cycle size. This fact justi� es the added complexity of using
this tool as compared with traditional graphical DF analysis.

Computation time for the most complex example treated was on
the order of 8 h runningunderMATLAB, on an SGI Indigo 2, for 10
frequency points. There is, however, signi� cant room for improve-
ment, as we used off-the-shelfsoftware without any customization.
As the computation algorithms for the upper and lower bounds to
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the generalizedstructuredsingularvalue achieve the maturity of the
corresponding ones for the standard ¹ problems, the computation
burden of this test will be reduced. As the same test is used for
other applications in robust control, a signi� cant research program
is being carried out in this area.
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